Decoupling of OF equations for solution of 4D images
with Gauss-Seidel equations

Having applied Euler-Lagrange equations to minimise the error function, one obtains
the matrix equation 1.

(E)zc +a?) E.E, o? u,]k - E.E;
E.E, (Ef, +a?) E E, v|=|a? v,jk EE, (1)
E.E, E\E, (E2 +a?)||w a*v; jx — E.E,
Equation 1 can be rearranged to form the following equations
(@ +E)u+EEyv+EEw =d’i-EE )
E.Eyu+(a* +E))v+ E\E;w = a?D - E,E, 3)
E.Eu+EEyv+ (@ +EHw =a?Ww- EE, )

multiply Equation 2 by E, and Equation 3 by E and subtract to eliminate w:

Ey(a/2 + Ei)u + EXE§V +EE\Ew = azEyL_t - E\E\E,
E)%Eyu + E(a® + E)z,)v +EE\Ew = @*E, ¥ — E.E\E,
Eyu—E,v =Eyi—E¥

Eliminate v from Equations 2 and 4

E(a*+ E)u+ EE\E;v+ ExE*w = a’Eii — E\E.E,

E2Eu+ EE\Eyv+ E(a* + E))w =&’EW - E.EE,
E.u—-E.w =FEu-Ew

E.u =Eiua+E.(w-w)

Eliminate u from Equations 3 and 4
E(E,E.u+ E.(a* + E})v+ E,E2w = a’E.v - E,E.E,
E(E,E.u+ E;Ev+Ey(a® + E))w = a’E,Ww - E,E_E,

Eyv-Ew =Ev-Ew
Eyv =Ev+EW-w)

Substitute into Equation 4:

E.Eu+EEyv+(&® +E)w =a’w - E.E,
E(E(w— W)+ E.ii) + E,(E,(w — W) + E.D) + (&* + E))w = oW — E.E,
EX(w — W) + ExE i + E}(w — W) + EyE;V + (o2 + ED)w =a*w-E.E,
w(E + E} + E2 + a®) - W(ES + E} + a?) = —E.E,i— E,E;p - E,E,
(w—w)E; + E; + EZ +a?) = —E\E,i— E,E.;v — E*W - E,E,

Rearranging gives the Equation 5, expressing velocity component w in terms of
value of o, partial derivatives of image intensities and average velocities.
E,Ei + E\E;v + E>W + E.E,

W:W— (5)
(E2 + E} + E2 +a?)




Similarly, put u in terms of &, v, w

(@*+E>u+ EyEwv + E.Ew = o*i - E.E,
(@* + E2u+ Ey(E.v + E\(u— ) + E.(ExW + E,(u — i) = o - E.E,
u(@® + E} + E; + E2) —(a* + E; + E?2) = —(E\E, + E E\b + E,E.W)
(u—i)(a* + E}+ E} + E2) = —(E2i + E\E,v + E.E.W + E,E,)

Rearranging gives Equation 6, expressing velocity component u in terms of value
of o?, partial derivatives of image intensities and average velocities.

_ E2i+E.EJ¥+EEW+E,E,
u=u-—
(E2+ E} + E2 +a?)

(6)

Equation 7 can be found similarly, expressing velocity component v in terms of
value of o, partial derivatives of image intensities and average velocities.

_ EyE.i+ E}v+ E\E.w + EE,
vV=v-
(E3 + E} + EZ + a?)

)

Gauss Seidel equation can be derived by simply updating values of u, v, w with old
estimates of i, ¥, w, producing Equations 8, 9 and 10.

el o EXi"+ E\E\V"+ E.EW' + EE, ®
u =u -
(E2+ E} + E2 +a?)

Similarly,
pr— EyEit" + E§\7" +E,Ew" + EJE, ©
(E3 + E} + E2 + a?)
- - 2 —
W E.E " + EyE V' + EZw" + E E; (10)

(E3 + E} + E2 +a?)



